Abstract. The purpose of this work is to introduce a novel POD-Galerkin strategy for the hybrid finite volume/finite element solver introduced in [9] and [11] . The interest is into the incompressible Navier-Stokes equations coupled with an additional transport equation. The full order model employed in this article makes use of staggered meshes. This feature will be conveyed to the reduced order model leading to the definition of reduced basis spaces in both meshes. The reduced order model presented herein accounts for velocity, pressure, and a transport-related variable. The pressure term at both the full order and the reduced order level is reconstructed making use of a projection method. More precisely, a Poisson equation for pressure is considered within the reduced order model. Results are verified against three-dimensional manufactured test cases. Moreover a modified version of the classical cavity test benchmark including the transport of a species is analysed.
Introduction
During the last decades, numerical methods to solve partial differential equations (PDEs) have became more efficient and reliable and it is now possible to find a large variety of different solvers using diverse discretization methods. Numerical methods transform the original set of PDEs into a possibly very large system of algebraic equations and there are still many situations where this operation, using standard discretization techniques (Finite Difference Methods (FDM), Finite Element Methods (FEM), Finite Volume Methods (FVM),...), becomes not feasible. Such situations occur any time that we need to solve the problem in a parametrized setting in order to perform optimization or uncertainty quantification or when we need a reduced computational cost as in realtime control. A possible way to deal with the former situations, at a reasonable computational cost, is given by the reduced order methodology (ROM). In ROM the high dimensional full order model is replaced with a surrogate reduced model that has a much smaller dimension and therefore is much cheaper to solve ( [31, 29, 35, 26, 38, 17, 5] ). In this manuscript we focus our attention on projection-based reduced order models and in particular on POD-Galerkin methods ( [28, 18] ). They have been successfully applied in a wide variety of different settings ranging from computational fluid dynamics to structural mechanics. The scope of this paper is the development of a POD-Galerkin reduced order method for the unsteady incompressible Navier-Stokes equations coupled with a transport equation. The full order solver, on which this work is based, is the hybrid FV/FE solver presented in [9] and [11] . It exploits the advantages given by both full order discretization techniques.
The main novelties of the present work consist into the development of a reduced order for unsteady flows starting from an hybrid FV-FE solver on a dual mesh structure and into its coupling with an additional transport equation. The reduced basis for the generation of the POD spaces are in fact defined on two different meshes and, in order to map the basis functions between the finite element mesh and the finite volume one, we exploit the structure of the full order solver. Standard POD-Galerkin methods developed for FE and FV discretization have been re-adapted to be used in the hybrid finite volume-finite element framework introduced in [9, 11, 7] .
The paper is organized as follows. In section 2 the hybrid FV/FE solver is explained and all the main important features, which are relevant in a reduced order modeling setting, are recalled. In section 3 the reduced order model is introduced with all the relevant details and remarks. In section 4 two different numerical tests are presented.
The tests consist into a manufactured three-dimensional fluid dynamic problem and into a modified three-dimensional lid-driven cavity problem combined with a species transport equation. Finally, in section 5 some conclusions and perspectives for future works are provided.
The Full Order Model
The model for incompressible newtonian fluids is enlarged with a transport equation. Hence, the system of equations to be solved written in conservative form results
where ρ is the density, w u := ρu is the linear momentum density, w y is the unknown related to the transport equation that can be, for example, the conservative variable related to a species y, π is the pressure perturbation, τ is the viscous part of Cauchy stress tensor, D is the viscous coefficient related to the transport equation, f u is an arbitrary source term for the momentum equation and
denotes the complete flux tensor whose three components read
The numerical discretization of the above system, (2.1)-(2.3), is performed by considering the projection hybrid finite volume-finite element method presented in [9] , [11] and [7] . In the following section we summarize the main features of the aforementioned methodology.
Numerical discretization.
A two-stage in time discretization scheme is considered: in order to get the solution at time t n+1 , we use the previously obtained approximations W n of the conservative variables w(x, y, z, t n ), U n of the velocity u(x, y, z, t n ) and π n of the pressure perturbation π(x, y, z, t n ), and compute W n+1 and π n+1 from the following system of equations:
Concerning the discretization of mass conservation and momentum equations, by adding equations (2.6)-(2.7), we easily see that the scheme is actually implicit for the pressure term. However, the equations above show that the pressure and the velocity can be solved in three uncoupled stages:
• Transport-diffusion stage. Equations (2.6) and (2.9) are explicitly solved by considering a finite volume scheme. We notice that, in general, the intermediate approximation of the linear momentum computed, W n+1 u , does not satisfy the divergence free condition (2.8).
• Projection stage. It is a implicit stage in which the coupled equations (2.7) and (2.8) are solved with a finite element method to obtain the pressure correction For the spatial discretization of the domain we consider an unstructured tetrahedral finite element mesh from which a dual finite volume mesh of the face type is build. The pressure is approximated at the vertex of the original tetrahedral mesh whereas the conservative variables are computed in the nodes of the dual mesh. Figure 1 depicts the construction of the dual mesh in 2D, further details on both the 2D and the 3D cases can be found in [8] and [9] . Denoting by C i a cell of the dual mesh, N i its node, Γ i the boundary,η i the outward unit normal at the boundary and |C i | the volume of the cell, the discretization of the transport-diffusion equations, (2.6) and (2.9), results
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The flux term on the above expressions is computed by considering the Rusanov scheme. Moreover, to obtain a second order in space scheme the CVC Kolgan-type method is used (see [15] , [16] and [11] ). Second order in both space and time is achieved by applying LADER methodology (see [11] and [7] ). This last technique also affects the computation of the viscous term in which a Galerkin approach is consider to approximate the spacial derivatives. Finally, the pressure term is obtained by averaging its values at the three vertex of each face and the barycenter of the tetrahedra to which the face belongs.
Within the projection stage, the pressure is computed using a standard finite element method. The incremental projection method presented in [23] is adapted to solve (2.7)-(2.8) obtaining the following weak problem:
· η (see [9] for further details). Finally, at the post-projection stage, W 
The Reduced Order Model
In this section, projection based ROM techniques are adapted to be used in the hybrid finite element-finite volume framework already presented for the FOM. Projection based ROMs haven been used to deal with different type of applications starting from both a finite element discretization [2, 38, 26] and a finite volume one [19, 25, 45] .
To this end, two different POD spaces are considered. The first one is related to the linear momentum and provides the solution at the nodes of the finite volume mesh. On the other hand, the POD basis associated to the pressure are computed on the vertex of the primal mesh. Moreover, when considering also the transport equation a third POD space for the transport unknown are generated.
The POD spaces.
We start by introducing the computation of the POD space related to the linear momentum. The main assumption in the POD-ROM technique is that the approximated solution w n u can be expressed as linear combination of spatial modes ϕ i (x) multiplied by scalar temporal coefficients a i (t) ( [35, 38, 26] ), that is,
where N is the cardinality of the basis of the spatial modes. To compute the basis elements we will use POD. This methodology allows us to select the most energetic modes so that we maximize the information contained in the basis.
Let us consider a training set K = t 1 , . . . , t Ns ⊂ [0, T ] of discrete time instants taken in the simulation time interval and its corresponding set of snapshots {w n u (x, t n ) , t n ∈ K}. Then, the elements of the POD basis are chosen to minimize the difference between the snapshots and their projection in L 2 norm
The minimization problem can be solved following [32] where it has been shown that (3.2) is equivalent to the eigenvalue problem
being the correlation matrix of the snapshots, λ i the eigenvalues, ξ i the corresponding eigenvectors and N nod the number of elements of the FV mesh. Since this methodology sorts the eigenvalues in descending order, the first modes retain most of the energy present in the original solutions. Defining the cumulative energy as
the number of elements of the POD basis can be set as the minimum N such that
is lower or equal to a desired fixed bound κ wu . Next, the elements of the basis are computed as
and normalized. Finally, the POD space is given by
Remark 3.1 (Source term). In some cases, for example when we are working with analytical tests, we will be interested in including a source term in the momentum equation. If there exists a linear relation between the source term and the velocity field, we can compute a basis for it considering the eigenvalue problem already solved for the velocity. Then, the elements of the source term basis would be computed as
Therefore, the source term results
Remark 3.2. In the finite element framework, since the natural functional space for velocity is H 1 , to compute its correlation matrix, C, the H 1 norm is used whereas the L 2 norm is employed only to compute the correlation matrix for pressure. However, in the finite volume framework the L 2 norm is also used for the velocities. Since the velocity belongs to a discontinuous space and so, the computation of the gradient to evaluate the H 1 norm will introduce further discretisation error (see [45] ). Moreover, the L 2 norm has a direct physical meaning being directly correlated to the kinetic energy of the system. Let us assume that the pressure can be expressed as a linear combination of the elements of a POD basis
The modes of the above basis can be computed similarly to the ones for the linear momentum. Nonetheless, it is important to notice that the L 2 products involving the pressure are now computed in the finite element framework. More precisely, we use a quadrature rule on the barycentre of the edges of the tetrahedra, so that the correlation matrix is given by
with x il the barycentre of the l − th edge of the tetrahedra T i , ω l = 1 6 the weights and N nel the number of elements of the FE mesh. Besides, we are assuming that the pressure basis is independent to the one corresponding to the linear momentum. Accordingly, the dimension of the diverse basis may be different.
Eventually, since the basis functions for the variable related to the transport equation may also be linearly independent from the ones obtained for the linear momentum, a new spectral problem will be defined in the FV framework. As a result, we obtain the POD basis space for w y :
Once the basis functions for the POD spaces are obtained we need to compute the unknown vectors of coefficients a, b and c. To this end, we perform a Galerkin projection of the governing equations onto the POD reduced basis spaces and we solve the resulting algebraic system.
Momentum equation.
Regarding the momentum equation, the resulting dynamical system readṡ
The computation of the gradients of the basis functions involved in the former products are performed considering the methodology already introduced for the computation of the spatial derivatives of the viscous term on the FOM. Thus we take advantage of the dual mesh structure. We will further detail it in the case of the convective term.
Due to the non-linearity of the convective term, the computation of its related matrix is more complex than the ones of the remaining terms and requires for the calculation and storage of a third-order tensor. Substituting w u by the corresponding linear combination of the POD modes and projecting the convection term, we get
In order to develop an efficient approach complete consistency with the FOM has not been respected within the computation of the above term. Moreover, the use of the former approach simplifies the calculations reducing the computational cost of the method. Still its derivation is consistent with the physical model.
Moreover, the tools employed in the proposed approach have already been successfully used to compute the contribution of the advection term on reconstruction of the extrapolated variables used in the FOM to develop LADER scheme (see [11] ). From the computational point of view, after the calculus of tensor ϕ j ⊗ϕ k at the nodes, N l , of the finite volume mesh, its divergence is approximated at each primal tetrahedra, T m , by considering a Galerkin approach. Next, the value at each node is taken as the average of the values at the two tetrahedra from which it belongs. Finally, the L 2 product by the basis function, ϕ i , is performed.
The storage of a third order tensor is only one of the possible choices in order to deal with the non-linear term of the Navier-Stokes equations. Such an approach is preferred when a relatively small number of basis functions is required, as in the cases examined in the present work. In cases with a large number of basis functions the storage of such a large (dense) tensor may lead to high storage costs and thus become unfeasible. In these cases it is possible to rely on alternative approaches for non-linear treatment such as the empirical interpolation method [4] , the Gappy POD [20] or the GNAT [14] .
Poisson equation.
In the framework of finite elements, it is well known that when using a mixed formulation, for the resolution of Navier-Stokes equations, to avoid pressure instabilities, the approximation spaces need to verify the inf-sup condition (see [10] ). Also at the reduced order level, despite the snapshots are obtained by stable numerical methods, we can not guarantee that their properties will be preserved after the Galerkin projection and, with a saddle point formulation, one has to fulfill a reduced version of the inf-sup condition [40, 3, 45] . Instabilities at the reduced order level, and especially pressure instabilities, have been addressed by several authors, we recall here [36, 13, 6, 45] .
In this work, to be also consistent with the procedure used in the full order solver, instead of relying on a saddle point structure, we will substitute the divergence free condition by a Poisson equation for pressure following the works on [37, 30, 1, 44, 45] .
Taking the divergence of momentum equation, (2.2), and applying the divergence free condition yields the Poisson pressure equation
The boundary conditions are determined by enforcing the divergence free constraint at the boundary
Alternative ways to enforce the boundary conditions can be found, for instance, in [22] , [23] and [33] .
Substituting (3.1), (3.8) and (3.9) into equations (3.15)-(3.16), projecting the pressure equation onto the subspace spanned by the pressure modes, X PODπ Nπ , and taking into account the boundary conditions within the integration by parts, we obtain the reduced system for the pressure Nb = a T Da + Ha + Pa + Ga, (3.18) where
Despite (3.12) and (3.18) are initially coupled, assuming that N is not singular, we get So, the vectors of coefficients can be computed in two stages. Firstly, we obtain the coefficients of the velocity, a, by solving the algebraic system (3.21). Next, the coefficients related to the pressure, b, are computed from (3.20).
Remark 3.3. It is important to notice that the solution obtained for the pressure, as in the FOM solution, since we are working with the gradient of the pressure instead with the pressure itself, is defined up to an arbitrary constant. To correct this issue it is necessary to impose an initial condition for the pressure. As initial condition for pressure we use the projection of the FOM initial pressure solution onto the POD spaces. The enforcement of an initial condition for pressure permits to obtain the constant and therefore to ensure the consistency of the FOM and the ROM.
Transport equation.
Performing Galerkin projection onto the transport equation giveṡ
The former algebraic system can be solved in a coupled way with (3.21) so that the vectors of coefficients a and c are obtained within the same stage.
Lifting function.
So far, we have assumed homogeneous boundary conditions. In case non-homogeneous Dirichlet boundary conditions are imposed, we can homogenize the original snapshots by defining a lifting function.
The lifting function method firstly proposed in [21] for boundary condition that can be parametrized by a single multiplicative coefficient, and generalized in [24] for generic functions, is only one of the possible methods to consider boundary conditions also at the reduced order level. Some of other possible approaches consists in the modified basis function method [24] or in the penalty method approach [42] . In the follows the lifting function method is briefly recalled.
Let us assume that we have a constant on time non zero Dirichlet boundary condition for the velocity on the boundary. Then, a possible election would be to define the lifting function as the mean function of the velocity along the snapshots,
Next, the homogeneous snapshots are computed aŝ
Following the methodology already presented in Section 3.1, we obtain the POD space related to the homogenized snapshots,
Therefore, the final POD space for the original set of snapshots is given by
Since the lifting function may not be orthogonal to the remaining elements of the basis, the mass matrix of the system related to the momentum equation must be computed. Accordingly, the modified algebraic system to be solved reads
Initial conditions.
The initial conditions for the ROM systems of ODEs (3.28) and (3.22) are computed by performing a Galerkin projection of the initial solution, w (x, t 1 ), onto the POD basis:
If non-orthogonal basis functions are considered for the linear momentum, the initial coefficients, a 0 , must be obtained solving the linear system of equations Ma 0 = e (3.31)
Similarly, the components of the initial pressure coefficient, b 0 , result
Numerical results
In this section we present the results obtained for two different test problems. In both numerical tests we simulate the same conditions for the FOM and the ROM. Therefore, the ROM solutions are compared against the high fidelity ones.
Manufactured test.
The first test to be considered has been obtained by using the method of the manufactured solutions. We consider the computational domain Ω = [0, 1] 3 and the flow being defined by
with µ = 10 −2 and the source terms given by
2 sin(πty)e −2πt 2 x cos(πtz).
We generate an initial tetrahedral mesh of 24576 elements whose dual mesh accounts for 50688 nodes (see Figure 2) . The minimum and maximum volumes of the dual cells are 1.02E − 05 and 2.03E − 05, respectively. The time interval of the simulation is taken to be T = [0, 2.5]. The full order model simulation was run considering the second order in space and time LADER methodology ( [47] , [12] , [11] ). We consider a CF L = 5 to determine the time step at each iteration (see [11] for further details on its computation).
The snapshots are taken every 0.01s given a total number of snapshots equal to 250. The dimension of the reduced spaces are N = 9 and N π = 1. This selection is done to retain more than κ wu = 99.999% of the energy and κ π = 99.99%. Table 1 contains the cumulative eigenvalues obtained.
To assess the methodology the ROM solution is compared against the FOM solution. The L 2 error for the diverse snapshots is depicted in Figures 3 and 4 . Furthermore Let us remark that a key point on this test case is the consideration of pressure at the reduced order model. Neglecting the pressure gradient term in the momentum equation entails huge errors on the ROM solution. Figures 8 and 9 report the L 2 errors in logarithmic scale resulting from applying the ROM without the pressure term in equation (3.12) . Nevertheless, for some tests the magnitude of the pressure gradient term is considerably smaller than the one of the remaining terms in the equation and so, its computation could be avoided. 
Lid-driven cavity test with transport.
The second test is a modified version of the classical lid-driven cavity test in 3D by adding the resolution of a transport equation. The computational domain corresponds to the unit cube and the mesh is the one already employed at the first test. The boundary of the domain is divided into two regions. At the top of the cavity we define an horizontal displacement u = (1, 0, 0) T , whereas on the remaining boundaries we consider homogeneous Dirichlet boundary conditions for the velocity field. Moreover, Dirichlet homogeneous boundary conditions are defined for the species unknown on the whole boundary. Regarding the initial conditions we assume zero velocity and we set the species to be given by
that is, we define a ball of radio 10 −2 in which the variable is set to 10 and assume zero value on the remaining part of the domain. The density of the fluid is assumed to be constant and the viscosity is set to µ = 10 −2 and D = 10 −2 . The full order simulation is run up to time t end = 5 with a fixed CF L = 1. The snapshots are saved every 0.01s. In the ROM different number of modes are considered attending to the fixed bounds κ wu = 99.99%, κ π = 99% and κ wy = 99.99% for the linear momentum, the pressure and the species respectively. The cumulative eigenvalues are depicted in Table 2 . A lifting function has been defined in order to homogenize the snapshots related to the linear momentum. Therefore, the number of elements of the basis of X POD wu is the number of modes determined by κ wu plus one. Accordingly, the dimensions of the basis are N = 8, N π = 2 and N wy = 9. Table 2 . Lid-driven cavity test. The second, third and fourth columns present the cumulative eigenvalues for the linear momentum, the pressure and the species, respectively. The values in which the fixed bounds κ wu = 99.99%, κ π = 99% and κ wy = 99.99% are reached appear in bold font.
The behaviour of the different fields as well as a comparison between FOM and ROM solutions is reported in Figures 10-12. Figures 13-15 depict the obtained relative errors of the ROM solution and the projected solutions onto the selected POD basis. The results obtained show a good agreement with the FOM solution being able to capture the main effects of the flow. Nevertheless, several remarks should be taken into account. Figure 13 shows that the highest errors on the linear momentum field are found at initial times. This is due to the high variability of the velocity field at this period. Within the simulation, we have considered equally time-spaced snapshots. To enhance the performance of ROM, the concentration of snapshots should take into account the non-linear behaviour of the system. A similar issue can be observed in Figure 14 for the pressure field. On the other hand, the almost-linear behaviour of the pressure field has allowed us to consider a small number of basis elements to accurately reproduce the FOM solution. The fast decay of the species variable justifies the decrease on the accuracy graphically observed in the last column of Figure 12 . The magnitude of the species variable is slightly underestimated, whereas the features of it are properly captured. In this particular case enlarging the time interval, and therefore, the training set, for this variable would provide better results at t = 5s.
Conclusions and future developments
In this paper we have presented a novel POD-Galerkin reduced order method starting from an hybrid FV-FE full order solver for the incompressible Navier-Stokes equations in 3D. The method is based onto the definition of reduced basis functions defined on two staggered meshes (i.e the finite volume and the finite element one). The Galerkin projection of the momentum equation has been built to be consistent with the FV method used in the FOM taking advantage from the dual mesh structure. Special care has been taken in order to account for the pressure contribution in the ROM. The importance of including the pressure term onto the momentum equation has been proved by numerical results. Non-homogeneous boundary conditions have been overcome using a lifting function. The methodology has been verified on the unsteady Navier-Stokes equations giving promising results.
Further, a transport equation has been coupled with the incompressible Navier-Stokes equations and the corresponding modifications on the ROM have been presented. Besides, the good results obtained open the doors to the development of ROM for the t = 0.1s t = 0.5s t = 2.5s t = 5s As future development, one of the main interest is into the analysis of the proposed methodology in a parametrized setting where, additionally to the time parameter, we will consider physical and geometrical parameters ( 
